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Group Cohomology

Let G be a group and M be a G-module (i.e. M is an abelian group on which G acts associatively).
Then we can define the so-called cohomology groups of G with coefficients in M, H'(G, M):

Definition (i-th Cohomology Group)

Let the maps C'(G,M) = {f: G' — M} denote the G-module of inhomogenous i-cochains. We
obtain coboundary homomorphisms d'*1: C'(G, M) — C'*1(G, M) by
di+1(f)(g17 coc 7gi+1) = gl-f(g27 2o 7gl) + Z glv oo Bk8k+1y - - - agi-‘rl)

+(=1)" (g1, 7g,-)

with the property d't' o d’ = 0. Let Z'(G, M) := ker(d"*!) and B/(G, M) := im(d") (with B® := 0).
Then we define the i-th cohomology group as

H(G. M) = Z'(G, M)/B/(G, M).
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Group Cohomology

Those cohomology groups are functors on the category of G-modules (which are also functorial in G)
with the following useful properties:
o HY(G,M)=M® ={me M|VgeG:g.m=m}.

) _{F G M fleige) = Fler) +£1.7(22))
- {f:G—>M|3ImeM:f(g)=gm—m}’

In particular, if G acts trivially on M, we have H}(G, M) = Hom(G, M).
o H2(G, M) classifies the Group Extensions of the form

O+ M—-E—G-—0.

HY(G, M)

@ A short exact sequence of G-modules
O—-L—->M—=-N-—=0
becomes a long exact sequence
0 — H%(G,L) — HY(G, M) — H(G, N)
— HY(G,L) —» HY(G, M) = HYG,N) — ...
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Application to Galois Groups

Now let F be a field and denote by F; its separable closure.
Then we denote its absolute Galois group by

Gr = Gal(F,/F) = Autr(Fs).

Let further be pum C FX the group of m-th roots of unity (e.g. {+1, —1} = u2). The operation of a
o € GF on uy, results in a permutation given by mapping one primitive m-th root to another.
To make things easier, we will assume that the characteristic of F does not divide m.

For the rest of the talk, we will actually consider continuous cohomology groups, meaning that we
take C'(G, M) to be the G-module made up of only the continuous maps from G’ to M.
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Application to Galois Groups

If we now take the short exact sequence of Gg-modules

xr—xM

1= pm— FS —— FJ =1,
we obtain as part of the long exact sequence
HO(GF?FSX) 0 HO(GFanX) d Hl(GFv.um) Hl(GFstX)'

| | |
F>< F>< 0
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Kummer Theory

Thus we obtain that F* maps surjectively onto Hl(G,:,,um) and its kernel are the elements that are
m-th powers in F*.

In other words, we get an isomorphism
F[(F)™ = HY(GE, m)

which is induced by the connecting homomorphism §.
If we furthermore have the scenario that pu, C F*, we know that Gg acts trivially on . As a result,

HY(GF, ftm) ~ Hom(GE, itm) and we can explicitly compute § by the following means:
For a € F*, let o € Fs such that @™ = a and o € Gg. Then

i(a) = <a|—> U(a)).

(07
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The Cup Product

Definition (Cup Product)
U: H(G, M) @z H(G,N) = H™ (G, M @z N)
Al ®[6] = (g1, .-, &) = (1) (g1, ....8) ® &1 .. 8 -P(gi+1, - - &i+j)]

where M ®7z N is equipped with the componentwise operation of G.

This has some useful properties, in particular that it is associative and distributive and furthermore
graded-commutative in the following way: ' _
If a: M@ N — N ® M is given by m® n+— n® m, then we have for p1; € H'(G, M), p2 € H(G, N):

p1U g = (—1) (i1 U 02)
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The Galois Symbol

Since ppm is a Z-module (by being an abelian group), we can consider

e = hm @z, ®7 fim
and by this get
Hl(GFa/'Lm) Rz Oz HI(GFa,um) E— Hn(GF,/J,%n).

| |
P /(F)m P ()
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The Galois Symbol

Induced by this, we obtain
0" F* Rz @y F* — Hn(GF,/Lgn).

For this 0", we have the following result:

Proposition (Tate)

Let a1,...,a, € F* such that a; + a; = 1 for some 1 </ < j < n. Then

0"a1®---®ap) =0.

We will now sketch the proof.
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The Galois Symbol

Let L/F be a finite separable field extension. Then we have the commuting diagrams

FX — H(Gr, 1im) L " HY(GL, jim)
lResf and Ni/k lCOé
LX L) Hl(GLHU'm) FX L Hl(GFnu’m)

Lemma (2)
For f, € HY(Gr, pim), fo € HY(GL, fim):

fi U Corg(f2) = Corg(Res] (f1) U f2)
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Proof of the proposition

Let ai,...,a, € F* such that a; + a; = 1 for some i # j.
@ Reduce to n = 2 and consider a® (1 — a).
@ Take an irreducible factorisation X™ — a = [[ fi(X) with f; € F[X].
@ Let a; € Fs be roots of the f; and F; := F(«;). We obtain

1—a=]]f1)=]][Ne/r— )
/ i

@ Since 62 is a group homomorphism, we obtain

(a@(1-a) =) 6*(a@Ng/r(l - ay)).
/
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Proof of the proposition

As a result, we get:

5?(a® Ng,/e(1 = ay)) = 0r(a) USF(NE /£ (1 — o)) by definition of §"
= 6r(a) U Cort (6, (1 — ay)) by Lemma (1)
= Corf!(Resf (6F(a)) U 05, (1 — ) by Lemma (2)
= Cor/(0r,(a) U bk (1 — ay)) by Lemma (1)
= Cor,ﬁ’(O Udr (1 — o)) since a=«]" in F
=0 by distributivity of U

This proves the proposition.
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The Galois Symbol

The previous proposition motivates the following definition:

Definition

We define the n-th Milnor K-group as

KM(F) = (F*)®"/{[a1,---,an] | 3 + aj = 1 for some i # j).
By convention, we set

KM(F) =7 and KM(F) = F*.

Due to the proposition, 6" factors through KM(F) by

Definition

e KY'(F) = H(GE, 13",
which we call the Galois-Symbol.
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The Galois Symbol

What statements can we make about the Galois-Symbol?
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